Acoustic causality in relativistic shells 
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The motion of sound waves propagating in the perfect fluid with inhomogeneous background flow 
is effectively described as a massless scalar field on a curved space-time. This effective geometry 
is characterized by the acoustic metric, which depends on the background flow, and null geodesies 
on the geometry express the acoustic causal structure. Therefore by the effective geometry we 
can easily study the causality on the flows. In this paper, we consider a spherically symmetric, 
relativistic outflow and present the maximal causally connected region for a super-sonic flow. When 
Lorentz factor of the radial velocity of the flow is constant or obeys power-law with respect to the 
radial coordinate r, we can solve it analytically. As a result we show that in the constant case 
the maximum angle is proportional to inverse of Lorentz factor and logarithmically increases with 
respect to r, in contrast, accelerative expansions in power-law case make this angle bounded. 



I. INTRODUCTION 



Recently a highly polarized prompt 7-ray emission 
was reported by RHESSI observation of the 7-ray burst 
(GRB) GRB021206 0. This result has inspired many 
discussions; some authors contravene this analysis of the 
observation Q and others suggested various models to 
produce such a high polarization 0, 0, HH0 ■ For in- 
stance, in the electromagnetic models considering Poynt- 
ing flux dominated flows, polarization arises from a uni- 
form, large scale magnetic field |EE1- On the other hand, 
in the hydrodynamic models (e.g., the fireball model @) 
it was suggested thatpolarization arises even from a ran- 
dom magnetic field J3J- Besides polarized emissions have 
been detected also in the GRB afterglows and there are 
many discussions whether ordered magnetic fields exist 
or not 0, Hill [II 111 [l| . 

If polarizied emission needs large scale coherence of 
magnetic fields, acoustic causality inside the outflow 
is important to maintain the coherence. The acoustic 
causality of a magnetic-dominated outflow was investi- 
gated in electromagnetic models of GRBs H @ . How- 
ever these analyses were not enough because the effect 
on the waves propagating in inhomogeneous flows was 
neglected. 

For studying such propagations in inhomogeneous 
flows it is very useful to utilize the effective geometry 
The reason is as follows. Sound wave propagation in an 
inhomogeneous flow of a perfect fluid or that of electro- 
magnetic waves in an inhomogeneous medium are both 
equivalent to propagating massless scalar fields on an ef- 
fective curved space-time. These effective geometries are 
determined by background quantities including the real 
geometry of spacetime. This idea has been applied to 
various systems: fluids (ordinary or super (l6jL di- 
electrics [T3 , non- linear electromagnetism jTg] , and Bosc- 
Einstein condensates 0, |2(j ■ Furthermore effective ge- 
ometries permit us to study non-gravitational systems 
with methods and ideas of general relativity, such as 
geodesies, light cone, black holes, ergo- spheres, Hawk- 
ing radiation, and so on [H , [H El Ql HJ [p |H 
l2.il I24I l25l| . Particular applications in astrophysics are 



non-linearmagnetism near a magneter and hydrodynamic 
accretion-flow onto a black hole [26l |2^| . 

In this paper, we apply the effective geometry to 
the causality analysis of relativistic outflows from high- 
energy sources, which occurs, for example, with GRBs. 
In Sec. [H] we review the acoustic metric associated with 
the effective geometry for sound propagation in a rela- 
tivistic fluid |2ll 128^. In Sec. IIIII by the effective geom- 
etry we shall analyse the causal structure of a spherical 
outflow in case that radial Lorentz factor is constant or 
power-law with respect to the radial coordinate. 



II. ACOUSTIC METRIC 

We consider the sound wave equation for a perfect, 
irrotational fluid. We denote by u M , p, p, and n the 4- 
velocity, energy density, pressure, and number density of 
the fluid, respectively. The energy-momentum tensor of 
the perfect fluid is given by 

T^^ip + p^^Uv+pg^, u^ = -l, (1) 

where is the physical space-time metric with the sig- 
nature ( — h ++)• The basic equations of the fluid dy- 
namics are the continuity equation 



V^mi") = 0, 



and the energy conservation 



V^T**" = 0. 



(2) 



(3) 



If we assume that the flow is isentropic and irrotational 
we can introduce a scalar function tp such that 

1 

where the specific enthalpy h is defined as 
. _ P + P 



(4) 



(5) 

In this case, Eqs. Gl and © are rewritten as the two 



equations for ip |27ll28j 



qs. J2J 

> urn 



v^-s^v^) = 0, 



(6) 
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where 



h 2 = -gTVutpVuV- 



(7) 



Next we linearize these equations for small perturba- 
tions around the background flow. As a result we obtain 
the wave equation 

V p {I [gT - (1 ~ A- 2 )u"u"] } V„V = 0, (8) 

where ip is the perturbations of ip and /3 S is the sound 
speed given by 



2 dp ndh 
dp h dn 



(9) 



Here we define the acoustic metric tensor G^ y and its 
inverse G^ v such that 



[(1 - (3 2 )u^u v + g llv \ , 



(10) 



Then the wave equation (JSj is rewritten as 
1 



where 



d^VGG^d^) = 0, 



\/G = V-detG^ = J^-^-detg^. (13) 

This is the d'Alcmbcrt equation on the curved space-time 
with the metric G M „. Thus the sound wave propagating 
in a perfect fluid is described as a massless scalar field 
on the effective geometry determined by the background 
flow. 



III. CAUSALITY ANALYSIS 

A. Spherically symmetric outflow 

We consider a spherically symmetric, stationary out- 
flow. The fluid 4- velocity, is then 



U/j, = j(—dt + @dr), 



(14) 



where f3 and 7 are its radial velocity and Lorentz factor, 
respectively. Because of the stationarity, (3 depends only 
on the radial coordinate r. We assume that the grav- 
ity is negligible and the physical space-time is flat. The 
acoustic metric is 

Gnu <x-(l- dt 2 - 2^/Midr 
V 7s / 7s 



(i a 2 + -^77 ) dr 2 +r 2 dQ 2 



(15) 

7s 

oc -(1 - a 2 )dt 2 + J^dr 2 + rW, 
1 — or 



dU = dt+- 
7s 1 



r/3dr, 



(17) 



and 7 S is the Lorentz factor of the sound speed. It is 
worth mentioning that a is a parameter showing whether 
the flow is super-sonic or sub-sonic. 

Since sound waves propagate as massless scalar fields 
on this metric, we consider null geodesies in order to 
discuss the acoustic causality. The Lagrangian is 



2L= -(l-a 2 )U 2 + ^ r^ + r^ + r* sin 0<ft a , (18) 
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where • = d/dA and A is an affine parameter. We ne- 
glect the conformal factor of G M „ because it is not im- 
portant for null geodesies j2^| . Because of the spherical 
symmetry, we shall consider only the <fi = const, case. 
By introducing I as the constant of motion, null geodesic 
equations become (a) for super-sonic case (a > 1) : 



(12) * ± 



dO 

dt* 

dr 
dt„ 



w 



n-' 



1 



a 



2 1 



I 2 

1 + -o (-OO < I < OO) 



(19) 
(20) 



where I corresponds with "angular momentum" related 
to an initial emitting angle of a null geodesic, and (b) for 
sub-sonic case (a < 1) : 



d9 _ Wl - a 2 
dH ~ 7 2 : 



(21) 



dr 1 — a 2 / I 2 , , . 

-=±^1-^ i-r°<Kro), (22) 

where ro is the radius of a point from which the sound 
wave is emitted, in this case I is bounded. 

The hypersurface generated by these null geodesies for 
all I is the "light cone" of the sound. Therefore the inside 
of this surface is the causally connected region with the 
sound wave. 

Now we shall analyse the causality in two simple exam- 
ples of outflows: the Lorentz factor of the radial velocity 
is (i) constant and (ii) power-law with respect to the ra- 
dius. These situations often appear in various models 
of GRB 0, IE H Hil< Even in more general cases, the 
analysis will be similar to what is shown below. 



B. Relativistic fluid with a constant velocity 

Here, for simplicity, we assume that the radial velocity 
of fluid, /3, is a constant and that the fluid equation of 
state is relativistic and independent of r, i.e., the sound 
speed, /3 S = 1/V3, is also a constant. Now we firstly 
assume that a shell is infinitely thick so that it can be 
dealt as a steady outflow. 
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In the a > 1 case (super-sonic) the solutions of 
Eqs. (HHJl and J20J) are 



a 2 — 1\ 2 „ . a 2 — 1 



Ps / Ps 



and 



V^ 2 



_ ln r(l + 

T r (l + VP+^Y 



(23) 



(24) 



where i* = t — a "_ 1 P{r — r ). Here the positive sign 
represents outgoing geodesies, while the negative ingoing 
geodesies. Eliminating I from these two equations, we 
obtain the equation for t, r, and 9, which describes the 
"light cone" of sound. For a given t, the cross section of 
that surface becomes the boundary of causally connected 
region. 

The geodesic with I — * oc realizes the maximum value 
of polar angle. In the limit I ^> r, the trajectory is 



Va 2 - 1 ro 



(25) 



For a given r the region with polar angle larger than 
9 max (r) is causally disconnected from a source emitting 
the sound wave. The propagation of the sound wave 
and the trajectory with the maximum angle in a mildly 
relativistic case (a = 2) and an ultra-relativistic case 
(a = 20) arc shown in FICQJand FIG. El respectively. 
We found that the maximally causal polar angle is ~ 7 _1 , 
and for an outflow with a constant velocity it becomes 
unboundedly large as r extends (i.e., as time increases). 

Similarly, in the a < 1 case (sub-sonic) we can see the 
causally connected region by solving the null geodesic 
equations (|21|l and (|22fl . The propagation of sound wave 
with a = 0.9 is given in FIG.OH The solutions are slightly 
different from those of the super-sonic case in the sign of 
a 2 -l. 

Another example is the thin-shell approximation. If 
we assume that a sound wave can propagate only on an 
infinitely thin shell, it satisfies a condition dr = [3At. 
Thus the geodesic equations are now 



d0_ = ± &1 

At 7 r 



(26) 
(27) 



Therefore the maximum polar angle that the sound wave 
emitted at r = ro can reach is 



c(*J = — 3 In , 

7P r o 



(28) 



where r(t) = ro + /3t. This result is quite similar to 
Eq. 



C. Power-law case 

In this section, let us consider that the radial Lorentz 
factor obeys power-law, such as 7 a r p . For p > the 
expansion velocity of the flow is accelerated and for p < 
decelerated. Now we are interested in the maximum 
angle in the ultra-relativistic case so we shall restrict our 
discussion to the case a ^> 1 and I ^> r. Eqs. 1)19(1 and 
(HU read 



d0 
dr 



Ps — p— 1 

— oc r y , 
ar 



and integrating it results in 



oc r 



const. 



(29) 



(30) 



This implies that if p > 0, this angle will approach to a 
constant value at late time, i.e., the region corresponding 
polar angles larger than this constant value will never be 
causally connected. In terms of the effective geometry, 
this acoustic metric has an event horizon similar to that 
of de Sitter space in the cosmology j3j|. On the other 
hand, if p < the maximum angle spreads continuously. 



IV. SUMMARY AND DISCUSSION 

We have studied the acoustic causality in relativistic 
spherical outflows with constant and power-law Lorentz 
factor case by means of the effective geometry. The ef- 
fective metric made the analysis of a sound propagation 
on inhomogeneous background flows very easy. 

When the Lorentz factor of the outflow is constant, 
the maximum polar angle of the causally connected re- 
gion is proportional to the inverse of the Lorentz factor 
of the outflow and the logarithm of the radius. For a 
constant or decelerative expansion the maximum angle 
increases as time without a bound. However for acceler- 
ated expansion this angle will reach a constant value at 
late time and this means the region outside this angle is 
never causally connected. These results are very similar 
to the expanding universe in the cosmology. 

If a shell has a finite thickness sound waves may reach 
the edge of the shell. For a given thickness we can con- 
sider only the region between both edges of the shell. 
Therefore the previous trajectory with the maximal po- 
lar angle is outside the shell. In this case the causally 
connected region will be narrower than the case without 
edges. 

In this paper, we dealt with simple examples. However 
if a model of GRBs is given and background flow is deter- 
mined we can investigate causality in a similar way. We 
expect that even in MHD or fluids with vorticity these 
results are basically unchanged |32l |. 
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FIG. 1: The propagation of the sound wave for the super- 
sonic case with a = 2 (solid curve). For a — 2 the velocity 
of the fluid is mildly relativistic (7 = v6)- The dashed curve 
is the maximally spread trajectory in the causally connected 
region. The dotted curves express the evolution of shell on 
which the sound wave initially emitted. The initial radius of 
the shell is taken as ro = 0.2. 
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FIG. 2: The propagation of the sound wave for the super- 
sonic case with a — 20 (solid curve) . The velocity of the fluid 
is ultra-relativistic with 7 = 10\/6. The dashed curve is the 
maximally spread trajectory in the causally connected region. 
The dotted curves express the evolution of shell on which the 
sound wave initially emitted. In comparison with FIG. Q the 
sound wave does not spread radially and propagates almost 
on the shell. The initial radius of the shell is taken as ro = 0.2. 




FIG. 3: The propagation of the sound wave for the sub-sonic 
case with a = 0.9 (solid curve). The dotted curves express the 
evolution of shell on which the sound wave initially emitted. 
The initial radius of the shell is taken as ro = 0.2. 



